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Order Topology Orthosummability
in Quantum Logics

Wu Junde,'* Zhou Su,’> and Cho Minhyung?

Received

By using the Antosik—Mikusinski infinite matrix convergence theorem in quantum log-
ics, we prove a theorem on orthosummability with respect to order topology in quantum
logics.
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1. EFFECT ALGEBRAS AND ORDER TOPOLOGIES

Let L be a set with two special elements 0, 1, L be a subset of L x L, if
(a,b) € L,writea 1 b,andlet® : L — L be a binary operation. If the following
axioms hold:

(i) Commutative Law: If a, b € L and alb,thenbla anda @b =b ® a.
(ii) Associative Law:Ifa, b,c € L,alband(@ @ b)Lc,thenblc,a l (b ® c)
and (@ db)Dc=adbdc).
(iii)) Orthocomplementation Law: For each a € L there exists a unique b € L
suchthatalbanda &b = 1.
(iv) Zero-Unit Law: If @ € L and 1 la, thena = 0.

Then the algebraic system (L, L, @, 0, 1) is said to be an effect algebra. This is
important for modelling unsharp quantum logics (Foulis and Bennett, 1994).

Let (L, L, 6,0, 1) be an effect algebra. If @, b € L and a_Lb we say that a
and b are orthogonal. If a @ b = 1 we say that b is the orthocomplement of a, and
we write b = a’. Clearly I’ =0, (¢"Y =a,al0anda @0 =a foralla € L. We
say that @ < b if there exists ¢ € L such thata L ¢ and a @ ¢ = b. We may prove

! Department of Mathematics, Zhejiang University, Hangzhou, People’s Republic of China.

2 City College, Zhejiang University, Hangzhou, People’s Republic of China.

3 Department of Applied Mathematics, Kumoh National Institute of Technology, Kyungbuk, Korea.

4To whom correspondence should be addressed at Department of Mathematics, Zhejiang University,
Hongzhou 310027, People’s Republic of China; e-mail: wjd@math.zju.edu.cn.

1437

0020-7748/04/0600-1437/0 © 2004 Springer Science+Business Media, Inc.



1438 Junde, Su, and Minhyung

that < is a partial ordering on L and satisfiesthat0 < a < 1,a < b & b’ < a’ and
a<b &albfora,bel.

Let {ay}qen be anet of (L, L, ®, 0, 1). Then we write a, 1, when o < 8,
ay < ag.Moreover, if a is the supremum of {a, : a € A},i.e.,a = V{a, : @ € A},
then we write a, 1 a.

Similarly, we may write a, | and a, | a.

If {ug}acas {(Valaea are two nets of (L, L, ®,0,1), for u tuy <vy | v
means that u, <v, forallo € Aandu, 1t vandv, | v. We write b < u, 1 u if
b<uy,foralla € A and u, 1 u.

We say a net {ay}qen of (L, L, @, 0, 1) is order convergent to a point a of L
if there exists two nets {uy }gea and {vy}aea of (L, L, @, 0, 1) such that

atug <ay <vyla.

Let F={F :F =@ or F C L and for each net {a,}sca of F such that if
{ay}qen 1s order convergent to a, then a € F}.

It is easy to prove that the family JF of subsets of L defines a topology 7/
on (L, L, ®,0,1) such that F consists of all closed sets of this topology. The
topology tOL is called the order topology of (L, L, &, 0, 1) (Birkhoff, 1948).

If a < b, the element ¢ € L such that ¢ L a and a & ¢ = b is unique, and
satisfies the condition ¢ = (@ @ b’)". It will be denoted by ¢ = b © a.

LetF ={a; : 1 <i < n}beafinitesubsetof L.Ifay L a;, (a; ® ay) Las, ...
and (a; @ ay - - - @ a,—1)La,, we say that F is orthogonal and we define @F =
agDay---da, =@ d...0a,—1) D a, (by the commutative and associative
laws, this sum does not depend on any permutation of elements). Now, if A is an
arbitrary subset of L and F(A) is the family of all finite subsets of A, we say that
A is orthogonal if F is orthogonal for every F' € F(A). If A is orthogonal, we
define ®A = \/{@®F : F € F(A)}, supposed that the supremum exists in (L, <),
and it is called the &-sum of A.

Ifforalla,be L,a <borb <a,then (L, L, ®,0,1)is said to be a totally
ordered effect algebra; if for all a, b € L, satisfies that a < b, there exists ¢ € L
such thata < ¢ < b, then (L, L, 6, 0, 1) is said to be connect.

An effect algebra is complete, if for each orthogonal subset A of L, the ®-sum
@A exists; if for each countable orthogonal subset B of L, the @-sum @B exists,
then we say that the effect algebra is o -complete.

2. ORDER TOPOLOGY ORTHOSUMMABILITY

As we know, orthosummability is an important topic in quantum logics (Habil,
1994; Schroder, 1999). In recent, Wu Junde, Lu Shijie, and Kim Dohan studied the
@-sum and proved a uniform @-sum theorem (Junde et al., 2003). In this paper,
we introduce the order topology orthosummability of orthogonal sets in effect
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algebra (L, L, 6, 0, 1) and prove an order topology orthosummability theorem in
(L, 1,,0,1).

Let (L, L, ®,0, 1) be a totally ordered effect algebra. We say that the se-
quence {a, },eN of (L, L, @, 0, 1) is an order topology tOL—Cauchy sequence, if for
eachh € L, 0 < h,thereexists ny € Nsuchthatwhenny < n, ng < m,ifa, < a,
thena,, © a, < h;ifa, < a,,thena, © a, < h (Junde et al., 2003).

Definition 1. Let A be an orthogonal subset of (L, L, @, 0, 1) and F(A) be the
family of all finite subsets of A. It is clear that F(A) is a net if we define F|; < F;
iff /| C F,.Ifthenet {®F : F € F(A)}is order topology 7/ convergenttoa € L,
then we say that A is order topology t¢ -orthosummable and a is the order topology
14 -summation of A.

Lemma 1. (Junde et al., 2003). Let (L, L, ®, 0, 1) be a o-complete totally or-
dered connect effect algebra. Then for each h € L, 0 < h, there exists an orthog-
onal @-summable sequence {h;} of L such that \V,en{®!_ hi} < h.

Furthermore, we can prove the following lemma, it is very important in this
paper:

Lemma?2. Let(L, L, ®,0,1)beatotallyordereffectalgebra,h = hy ® hy, g =
g1 @ 2. Ifmax{h, gt©min{h, g} >max{h,, g1} min{h, g1}, then max{h,, g,}6
min{hy, g2} > (max{h, g} min{h, g})© (max{h, g1} min {hy, g1}).

3. MAIN THEOREM AND ITS PROOF

Now, by using the methods of (Mazario, 2001) and (Aizpuru and Gutierrez-
Davila, 2003) and the Antosik-Mikusinski theorem in quantum logics (Junde ez al.,
2003), we prove the following order topology IOL—orthosummability theorem:

Theorem 1. Let (L, L, ®, 0, 1) be a o-complete totally ordered connect effect
algebra, for each i € N, the orthogonal set {a; o}ocn of L be order topology ‘L’OL
orthosummable, for each finite subset F of A, the sequence {@,cra; o }icN be order
topology rOL convergent, for each pairwise disjoint finite subset sequence {E ;} of
A and each infinite subset D of N, there exist a countable subset B of A and an
infinite subset M of D suchthat E; CBif je Mand E;NB =0 if j e N\M,
and {@Baecpai o }ieN be anorder topology tOL -Cauchy sequence. Then the orthogonal
family {a; o }aen of L is order topology IOL uniformly orthosummable with respect
toi € N.

Proof: We only need to prove that the nets {®yerdi o} Fer(a) are order topology
7§ uniformly Cauchy with respect to i € N. If not, pick a h € L such that for
each Fy € F(A)there exist Fj, Fj € F(A)andiy € Nsatisfy Fy € Fj € Fj, and
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Ducr)\Fdip.a > h. This shows that for each Fy € F(A) there exist Fy € F(A\Fp)
and iy € N such that ®yer, a;,« > h. That is,

{@acrdipa : F € F(MF)} £ [0, h). ey

We show that (1) will hold for infinite many numbers i € N. If {®ycrai o :
F € F(A\Fy)} € [0, h)onlyforiy, iy, ..., i, notethat foreachi € N, {a; o }yen 18
order topology /' -orthosummable, so it follows easily that there exist Fy, . . ., Fy €
F(A) such that

{Bocrai o F € F(NF)}C[0,h), j=1,...,k.
Let H=FyUF,UF,U--.-UF;. We have
{Bocraio : F € F(A\H)} € [0,h),i € N.

This contradicts (1) and so the conclusion holds. O

This shows that foreach Fy € F(A)andeachiy € N,thereexist F € F(A\Fp)
and i > ip such that @yeraiy > h.

Thus, we can obtain a sequence of {F }yen of pairwise disjoint finite subsets
of A and an increasing sequence {i; };en Of positive integers such that

®DtEFkaik,Ct Z h' (2)

Let byx = @uer,ai,.«. Then by the hypothesis of Theorem 1 that b, satisfies
the following conditions:

(1) For each n € N, {b,;} is an orthogonal sequence of L, and {b,;} is &-
summable by the o-completeness of (L, L, &, 0, 1).

(ii) For each finite subset Ny of N, the sequence {@BieN,bni}nen is order
topology rOL convergent.

(iii) For each pairwise disjoint finite subsets sequence {B;} of N and each
infinite subset £ of N, there exist a infinite subset G of E and an infinite
subset Q of Nsuchthat B; C Qif j e Gand B; N Q = @if j € N\G,
and {®cpbnk}nen is an order topology IOL—Cauchy sequence.

Now, we prove that for each P C N, the sequence {®Dcpbpi}neN 1S
order topology rOL Cauchy.

In fact, if not, we can find a &; € L such that for each ny € N,
there existm, n > ng suchthatif ®,cpbp > Brepbuk,then Brepbpi ©
(Brepbnk) = h1,if Srepbur = Brep bk, then Siepbur © (Brepbmi) >
hy. It follows from Lemma 1 that there exist three orthogonal elements
hy, h3, hy such that iy @ hs D hgy < hy, h3 D hg < ho.

Let ng = 1, my, ny > no and when ®ecpby ik = @repbnk>, Orepr
bk © (Brepbnk) = h1; when @repbux > Grepbmixs Prepbnk ©
(Prepbmir) = hi.
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It follows from (i) that there exists a p; € N such that for each
H g{pl-f—l,...,},

Oretibmix © (@rerbnk) < ha,
or
Orerbnk © (Breribm k) < ha.
Thus, it follows from Lemma 2 that
Brern(1,2,... p1Pmik © (@keprnii2,..., p1}Pnik) = ha @ h3,
or
Brern(1,2,...p11Pnik © Brern(i2,... p1}Pmik) = ho @ hs.

Note that (ii), there exists [y > m, l{ > n; such that when m, n >
LhandC C {1,2,..., p1},

Brecbmi © (Brecbnr) < h3,
or
Brecbnk © (@repbmi) < h3.

Let ng > I; and my, ny > ng such that @recpbp,ik © (Brepbu,ik) >
hyior ®repbpk © (Brepbmyi) = hi.

It follows from (i) again that we can pick a p € N, p» > p; such
that foreach H C {p»+1,...,},

Bretibmk © (@rerbni) < hy

or
Bretibnk © (Brerbpmyi) < ha.
Thus, it follows from Lemma 2 that
BrePnipy,... p2)Pmak © (Bkernipy,.... pr}bnsk) = ho,
or

Inductively, we may obtain three increasing sequences {n;}, {m;},
and {p;} of N such that
(iv) Wheni > landC C {1,2,..., pi_1},

@recbm ik © (Brecbnr) < hs,
or

@recbnx © (Precbmr) < hs3.
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v) fE;=PN{pi_1+1,...,p;}andi > 1, then
@Brer,bmk © (Brek, k) = ha,
or
@Brer, bnk © (@ker, bmi) = ho.
(vi) Foreach H C {p; +1,...,},
Bretbmk © (Brerbui) < ha,
or

@retibnk © (®kerbmi) < ha.

Thus, we can find a Q C N and an infinite subset G of N such that £; C Q
ifieGand E;NQ =0 if i e N\G, and {@rcobur}nen is an order topology
7§ -Cauchy sequence.

On the other hand, it follows from (iv), (v), and (vi) and Lemma 2 that for
i eG,i>1,wehave

Brkebmk © (Bkeobni) = hy © h3 © hy o Srepbp i © (Bikebmik) = ha ©
h3 © hy. This contradicts {®xebnk}nen 18 an order topology tOL—Cauchy sequence
and so this conclusion is true.

Thus, the Antosik—Mikusinski theorem (Junde et al., 2003) shows that {b;;}
is order topology rOL convergent to 0. This contradicts (2) and so the theorem is
proved.

The following important conclusion can be obtained from Theorem 1
immediately:

Theorem 2. Let (L, L, ®,0,1) be a complete totally ordered connect effect
algebra, for each i € N, {ajq}yepn be an orthogonal set of L. If for each subset
A of A, the ®-sum sequence {®qeadiq}ien is order topology t& convergent, then
{aiq}acn are uniformly &-summable with respect toi € N.
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